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ABSTRACT

This paper presents an analytical solution for free-vibration analyses of functionally graded graphene platelets 
(GPL) reinforced composite toroidal shells in an elastic medium. Four continuous distribution patterns of 
GPL are investigated in this study. The elastic properties of the shell have been calculated from the Halpin-
Tsai micro-mechanical relationship. The governing partial differential equations of motion are derived based 
on the third-order shear deformation shell theory (TSDT). The shell equations are solved by adopting the 
approximated solution which satisfies simply supported BCs. The influences of the graphene weight fraction, 
distributions of the volume fraction, the number of waves, and the geometric and foundation parameters 
on the natural frequency of the toroidal shell segment are studied. It was clear that the FG-X distribution 
pattern outperformed other types of dispersion. Additionally, the presence of an elastic foundation increases 
the shell’s natural frequency. 

Keyword: Free Vbration; Toroidal Shell; Elastic Foundation; Graphene Platelets; Third-Order Shear 
Deformation Theory.

RESUMEN

Este trabajo presenta una solución analítica para el análisis de vibraciones libres de plaquetas de grafeno 
funcionalmente graduadas (GPL) reforzadas con conchas toroidales compuestas en un medio elástico. En este 
estudio se investigan cuatro patrones de distribución continua de GPL. Las propiedades elásticas del armazón 
se han calculado a partir de la relación micromecánica de Halpin-Tsai. Las ecuaciones diferenciales parciales 
de movimiento se derivan a partir de la teoría de la cáscara de deformación por cizallamiento de tercer 
orden (TSDT). Las ecuaciones de la cáscara se resuelven adoptando la solución aproximada que satisface las 
BC simplemente apoyadas. Se estudian las influencias de la fracción de peso del grafeno, las distribuciones 
de la fracción de volumen, el número de ondas y los parámetros geométricos y de cimentación sobre la 
frecuencia natural del segmento de concha toroidal. Se puso de manifiesto que el patrón de distribución 
FG-X superaba a otros tipos de dispersión. Además, la presencia de una cimentación elástica aumenta la 
frecuencia natural del armazón. 

Palabra clave: Vibración Libre; Concha Toroidal; Cimentación Elástica; Plaquetas de Grafeno; Teoría de la 
Deformación por Cizalladura de Tercer Orden.
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INTRODUCTION
The toroidal shell segments are crucial parts in the civil, aerospace, and mechanical industries. Additionally, 

because of their unique structural shape and application in the fields of ocean engineering, nuclear power, and 
pressure vessel and piping, toroidal shells are frequently utilized as joint components or accessories. So, many 
researchers have studied the behavior of the analysis of the toroidal shell. Stein et al. (1) published one of the 
earliest investigations on toroidal segments for the buckling problem using homogeneous and isotropic toroidal 
shell segments. Bich et al.(2,3,4) investigated the linear and nonlinear buckling of functionally graded toroidal 
segments subjected to external pressure based on the classical shell theory (CST). Nguyen et al.(5) studied 
free vibration characteristics of rotating stiffened toroidal shells based on third-order shear deformation 
theory (TSDT) reinforced with GPL in thermal environments using Rayleigh–Ritz procedure. Shahmohammadi 
et al.(6,7) presented an analytical approach for static analyses, free-vibration, and stability of three-phase 
carbon fibers – (epoxy nanofillers) convex/concave toroidal shells based on the first-order shear deformation 
theory (FSDT). Mirjavadi et al.(8) studied the nonlinear frequency-amplitude relationship of porous toroidal 
shells which stiffened eccentrically using classical shell theory (CST). They used Jacobi elliptic functions to 
solve the nonlinear governing differential equations. On the basis of shear deformation theory (SDT), Ali et 
al.(9,10) investigated the nonlinear free vibration behavior and dynamic stability of orthotropic functionally 
graded toroidal shell segments, considering the damping effect.

As illustrated by the literature review above, the using of toroidal shell segments as an engineering structure 
has become extremely important in recent decades. Therefore, in this research, an analytical method is used 
to study the free vibration behavior of composite toroidal segments reinforced with GPLs in an elastic medium. 
In the mathematical model, third-order shear deformation theory has been employed to derive equations of 
motion. To estimate the mechanical properties of the composite toroidal shells the Halpin-Tsai micromechanical 
relationship has been utilized. The effects of graphene weight fraction, volume fraction distributions, waves 
number, radius to thickness ratio, and length to radius ratio on the dimensionless natural frequency of the 
toroidal shell segments are discussed in this paper.

Theoretical discerption
The parameters of a toroidal shell's geometry are as follows: circumferential radius at the equator ("a""0" ), 

the longitudinal radius of curvature (R), thickness (h), and length (L), The toroidal shell segments described 
in two states concave (R < 0) and convex (R > 0) shells as shown in figure 1. The displacement (u,v,w) in 
(x,y,z) directions. K1(N/m3) is the Winkler foundation modulus, K2(𝑁/𝑚) is the shear foundation modulus of the 
Pasternak model. The rotational radius is  a=a0 -R(1-sin(ϕ)), For an approximately shallow toroidal shell at the 
torus' equator, the angle ϕ is almost equal to π/2 and sin(φ) ≈ 1 so a ≈ a0 Stein et al.(1) Where x=Rdϕ,y=a0 dθ.

Figure 1. Geometric modeling of toroidal shell segments

Material Properties
Four different volume fraction distributions are considered. Pattern 1 (uniform distribution UD), pattern 2 

(FG-O) pattern 3 (FG-X), and Pattern 4 (FG-V).(11) 
By employing the Voigt-Reuss model, and composite rules of mixture then, elastic moduli, passion’s ratio, 

and density of the two-phase matrix/nanocomposite toroidal shells can be evaluated in equations (3).(12) 
Where Egm is the effective young modulus of two-phase GPLs and matrix-reinforced composite, and (Em, 

Eg),(pm, pg) and (vm, vg) are young moduli, densities and, passion’s ratios of the matrix, and GPLs respectively. 
lg, tg and wg are the length, thickness, and, width of GPLs fg Wg are the volume and weight fractions of GPLs fg* 
is the volume fraction of UD.
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Governing Equation
Based on (TSDT) the governing differential equations of motions in the current investigation are derived. The 

strain components at a distance of z from the mid-surface over the thickness are:(13)

Where (u,v,w) and (ϕx,ϕy) denote displacement components that correspond to (x,y,z) coordinates and 
transverse normal rotations on the plane z = 0. The stress-strain relationship for the toroidal shell reinforced 
with GPLs is given by equations (5):

Using Hamilton’s principle(14) to derive the governing equations of motion as follows:
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Where δ is the variation operator,t1 and t2 are two arbitrary time boundaries. Π which is a potential energy. 
T denoted kinetic energy.

Substituting equation (7) in equation (6) and applying the Hamilton principle, the equation of motion of 
toroidal shell reinforced with GPLs is obtained as follows:

Where Ni, Mi ,and Qi are in plane forces resultant, moment resultant and, shear forces resultant respectively. 
While Pi and Ri are high moment and shear forces resultant. Ii represent the inertia terms, defined as follows:

Substitute equation (9) in equation (8) yields:
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Where Lij denoted to the differential operators, in the current work the Toroidal shell is assumed to be 
simply supported and satisfy the following boundary conditions:

The approximate solution satisfying the simply supported boundary conditions may be assumed as:(6)

Where Umn, Vmn, Φx
mn, Φy

mn, and Wmn are time-independent maximum amplitudes, m, and n are a number of 
full and half waves in circumferential and longitudinal directions respectively. ωmn represent the linear natural 
frequency of the toroidal shell. Substituting equation (13) into equation (11) yields:

Where  represents the stiffness of the toroidal shell. Since the values of Umn, Vmn, Φx
mn, Φy

mn, and Wmn are 
not equal to zero, then the determinant of the above 5×5 matrix must be zero. The MATLAB program is used to 
obtain the determinant of the matrix, calculate and, plot the linear natural frequency ωmn.

RESULTS AND DISCUSSION
Validation 

To prove the accuracy of the present solution some examples of for free vibration of cylindrical shells be 
provided in this Section. Be knowledgeable that when R1→∞, a cylindrical shell can be described as a special 
case of a toroidal shell segment. The geometrical dimensions of the shell and foundation properties are as 
follows: E=2,1 Gpa,v=0,3,ρ=7850 kg/m^3,K1=107 N/m3, K2=1,5×107 N/m,h=0,001 m,L=0,41 m,a0=0,3015 m. As a 
comparison to the outcomes indicated by Sofiyev et al.(15) based on a shear deformation theory, the outcomes 
indicated by Shah et al.(16) using Love first-order shell theory and a wave propagation method, and the outcomes 
indicated by Vuong et al.(17) based on Third order shear deformation theory, fundamental frequencies have been 
calculated and listed in table 1.

Table 1. Comparisons the natural frequency of isotropic cylindrical shell ωmn/2π

n (m = 1) Sofiyev et al.(15) Shah et al.(16) Vuong et al.(17) Present Study

7 5 390,6 5 324,3 5 390,59 5 324,296

8 6 085,4 6 028,8 6 085,34 6 028,754

9 6 788,8 6 739,6 6 788,75 6 739,448

10 7 498,2 7 454,6 7 498,1 7 454,41

11 8 211,9 8 172,8 8 211,78 8 172,517

12 8 329,9 8 893,5 8 928,78 8 893,07

13 9 648,6 9 616,2 9 648,42 9 615,609

14 10 370,4 10 340,6 10 370,24 10 339,817

In the present study, the influences of GPLs weight fraction, types of distribution patterns, elastic foundation, 
and geometric properties on the vibration of toroidal shell segments on the dimensionless frequency are 
investigated. mechanical properties are: Em=2,5 GPa,Eg=1 100 GPa, ρm=1,15 g/cm3, ρg=1,06 g/cm3,vm=0,34, 
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vg=0,2, lg=2,5 μm, wg=1,5 nm, tg=1,06 nm.(6) The shell and foundation properties used in this investigation are 
h = 0.01 m, a0/h=80, R/a0=10, L/a0=3, Wg=1 %, m=1, n=9,K1=K2=0,and the dimensionless natural frequency is Ω= 
ωmn a0 √(2(ρm/Em)).

The effect of waves number
The impact of the longitudinal and circumferential mode numbers on the shell's dimensionless natural 

frequencies (Ω) is shown in figure 2. The findings of this investigation depict the shell with uniform GPL 
distribution decreases in natural frequency as the circumferential mode number increase until reached the 
minimum value (fundamental natural frequency) of 0,2987 at m = 1 n = 9.

The impact of GPL weight fractions and distribution patterns 
The influence of GPL weight fraction on the composite shell's natural frequencies is examined in figure 3 

convex shell and figure 4 concave shell. Thus, when the weight fraction of the GPLs increases, the dimensionless 
natural frequency of the shell rises notably. The figure 3 and figure 4 also shows the effect of GPL dispersion 
patterns on the natural frequency where the four GPL patterns are compared to each other’s. The outcomes 
display in these two figures that the lowest natural frequency is associated with the FG-O dispersion and the 
highest natural frequency is correlated to the FG-X dispersion where the uniform and FG-V lies between FG-X 
and FG-O. The findings likewise show that the distribution patterns of the concave toroidal shell differ from 
each other more than that of the convex toroidal shell.

The FG-X pattern has a high concentration of GPLs particles on the lower and upper surfaces of the shell, 
making these regions stiffer and able to resist bending stresses more effectively. As a result, the FG-X distribution 
pattern exhibits superior performance compared to other distribution types.

1 5 10 15 20 25
n

0.2

0.4

0.6

0.8

1

1.2

1.4

m = 1
m = 2

m = 3

Figure 2. Effect of waves numbers on the natural frequency

Effect of Geometric parameters of toroidal shell 
Figures 5 and 6 investigate how the geometrical parameters of the toroidal shell effect on the dimensionless 

natural frequencies. The FG-X dispersion pattern for the toroidal shell is utilized in this analysis, the outcomes 
display that whenever the L/a0 or R/a0increases leads to a decrease in the natural frequency, and the shell on 
the elastic medium has a higher natural frequency than the shell without elastic foundation. The presence of 
an elastic foundation increases the stiffness of the shell which increases the natural frequency.
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Figure 3. Effect of weight fraction and distribution patterns of convex shell on the natural frequency
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Figure 4. Effect of weight fraction and distribution patterns of concave shell on the natural frequency
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Figure 5. Effect of length to radius ratio on the natural frequency
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Figure 6. Effect of radius to thickness ratio on the dimensionless natural frequency

CONCLUSIONS
The present work examines the free vibration behavior of graded GPL-reinforced composite toroidal shell 

segments using various distribution patterns. Simply supported boundary condition has been considered. Also, 
the governing differential equations were derived by employing the third-order shear deformation theory. The 
outcomes reached validated with three papers from the published literature. The present study provides the 
general conclusions listed below:

 • As the weight fraction of GPL increases the dimensionless natural frequency of the toroidal shell 
also increases

 • FG-X distribution patterns show better performance than other patterns. Where the natural 
frequency of FG-X is higher than other distributions.

 • The differences between distribution patterns appear clearly in the concave shell, where the 
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difference between FG-X and UD in the concave shell is quite larger than in a convex shell.
 • An increase in the shell length or shell rotation radius leads to a decrease in the frequencies of 

the toroidal shell.
 • The presence of elastic foundations leads to an increase in the frequencies of the toroidal shell.
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